UNIFORM REGULARITY FOR THE NAVIER-STOKES EQUATION 
WITH NAVIER BOUNDARY CONDITION 
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Abstract. We prove that there exists an interval of time which is uniform in the vanishing vis- 
cosity limit and for which the Navier-Stokes equation with Navier boundary condition has a strong 
solution. This solution is uniformly bounded in a conormal Sobolev space and has only one normal 
derivative bounded in L°° . This allows to get the vanishing viscosity limit to the incompressible 
Euler system from a strong compactness argument. 

1. Introduction 

We consider the incompressible Navier-Stokes equation 

(1.1) d t u + u ■ Vu + Vp = eAu, V-u = 0, x G 0, 

in a domain Q, of M 3 . The velocity u is a three-dimensional vector field on Q, and the pressure p of 
the fluid is a scalar function. We add on the boundary the Navier (slip) boundary condition 

(1.2) u ■ n = 0, (Su ■ n) T = —au T , x G d£l 
where n stands for the outward unit normal to Q, S is the strain tensor, 

Su = i(Vn + Vn*) 

and for some vector field v on <9f2, v T stands for the tangential part of v : v T = v — (v ■ n)n. 

The parameter e > is the inverse of the Reynolds number whereas a is another coefficient which 
measures the tendancy of the fluid to slip on the boundary. This type of boundary condition is 
often used to model rough boundaries, we refer for example to [3], [8] (see also [28] for a derivation 
from the Maxwell boundary condition of the Boltzmann equation through a hydrodynamic limit). 
It is known that when e tends to zero a weak solution of (jl.ip . (jl.2p converges towards a solution 
of the Euler equation, we refer to [I], [7], [20], [15]. In particular, in the three-dimensional case, 
in [15], it is proven by a modulated energy type approach that for sufficiently smooth solution of 
the Euler equation, an I? convergence holds. The situation for this problem is thus very different 
from the case of no-slip boundary conditions which is widely open for the Navier-Stokes equation 
except in the analytic case [33] (see also [19] for some necessary condition to get convergence and 
[23] for some special case). 

Here, we are interested in the existence of strong solutions of (jl.ip . (jl.2p with uniform bounds 
on an interval of time independent of e G (0, 1] and in a topology sufficiently strong to deduce 
by a strong compactness argument that the solution converges strongly to a solution of the Euler 
equation 

(1.3) d t u + u-X7u + Vp = 0, V-u = 

with the boundary condition u ■ n = on d£l. Note that for such an argument to succeed, we need 
to work in a functional space where both (jl.ip and (jl.3p are well-posed. 

Let us recall that there are two classical ways to study the vanishing viscosity limit by compact- 
ness arguments. The first one consists in trying to pass to the limit weakly in the Leray solution 
of the Navier-Stokes system. However, there is a lack of compactness and one cannot pass to the 
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limit in the nonlinear term. It is indeed an open problem to characterize the weak limit of any 
sequence of the Navier-Stokes system when the viscosity goes to zero even in the whole space case 
(see [22[ |25j). The second way consists in trying to work with strong solutions in Sobolev spaces. 
In the case of the whole space (or the case there is no boundary) this approach yields a uniform 
time of existence and the convergence towards a solution of the Euler system (see [35 1 118 1 [26]). The 
problem is that due to the presence of a boundary the time of existence T e depends on the viscosity 
and one often cannot prove that it stays bounded away from zero. Nevertheless, in domain with 
boundaries, for some special type of Navier boundary conditions or boundaries, some uniform H 3 
(or W 2,p , with p large enough) estimates and a uniform time of existence for Navier-Stokes when 
the viscosity goes to zero have been recently obtained (see [39l EJ HI [6]). As we shall see below, for 
these special boundary conditions, the main part of the boundary layer vanishes which allows this 
uniform control in some limited regularity Sobolev space. 

Here, our approach can be seen as intermediate between these two cases since we shall get strong 
solutions but controlling many tangential derivatives and only one normal derivative. This control 
is compatible with the presence of a boundary layer when the viscosity goes to zero. 

To understand, the difficulties in the presence of boundaries, one can use formal boundary layer 
expansions. The solution u £ of (]l.ip . (|1.2p is expected to have the following expansion 



(1.4) u £ (t, x) = u(t, x) + y/e V(t, y, z/y/e) + 0(e) 

(we assume that (y, z) £ Vt = M 2 x (0, +oo) to simplify this heuristic part) where V is a smooth 
profile which is fastly decreasing in its last variable. Note that the rigorous constuction of such 
expansions have been performed in [16] where it was also proven that the remainder is indeed 0(e) 
in 1? . With such an expansion, we immediately get that in the simplest space where the 3-D 
Euler equation is well-posed, namely H s , s > 5/2 the norm of u £ cannot be uniformly bounded 
because of the profile V. For some special Navier boundary conditions considered in (39], [5j HJ [6], 
the leading profile V vanishes and hence uniform H 3 or W 2,p , p > 3 estimates have been obtained. 
Nevertheless, as pointed out in |16j . in the generic case, V does not vanish. 

We shall prove in this paper that in the general case, we can indeed achieve the above program 
by working in anisotropic conormal Sobolev spaces. Again, because of (|1.4|) . we can hope a uniform 
control of one normal derivative of the solution in L°° and thus a control of the Lipschitz norm of 
the solution hence it seems reasonable to be able to recover in the limit the well-posedness of the 
Euler equation. The situation is thus also different from the case of "non-characteristic" Dirichlet 
condition where boundary layers are of size e but of amplitude 1. In this situation, one can prove in 
some stable cases the 1? convergence, but since strong compactness in the normal variable cannot 
be expected, the proof uses in a crucial way the construction of an asymptotic expansion and the 
control of the remainder. We refer for example to [38], ffO], [9], [32], HUGS], [12], [31], [27], [30]. 
The drawbacks of this approach are that it requires the a priori knowledge of the well-posedness of 
the limit problem and that it requires the solution of the limit problem to be smoother than the one 
of the viscous problem (which is not very natural) . Finally, let us mention that for some problems 
where only the normal viscosity vanishes, it is also possible to use weak compactness arguments, 
[33]. 

Our aim here is to prove that in a situation where the formal expansion is under the form 
(|l,4p , one can get strong solutions of the viscous and the inviscid problem in the same appropriate 
functional framework and justify the vanishing viscosity limit by a strong compactness argument. In 
some sense, we want to use on a boundary layer problem the same approach that is classically used 
in singular oscillatory limits (as the compressible-incompressible limit, see [21], |29] for example) 
where the existence of a strong solution on an interval of time independent of the small parameter 
is first proven and the convergence studied in a second step. To go further in the analogy, we can 
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think of boundary layer problems with formal expansions as (jl.4p as analogous to well-prepared 
problems. 

We consider a domain !lci 3 such that there exists a covering of Q under the form C f2oU" =1 f2j 
where f^o C £1 and in each fij, there exists a function tpi such that f2n fij = {(x = (xi, X2, x$), X3 > 
i/ji(xi, X2)} H and 9f2 n = {X3 = tpi(xi, X2)} H We say that f2 is C m if the functions V'i are 
C m . 

To define Sobolev conormal spaces, we consider (Zk)i<k<N a finite set of generators of vector 
fields that are tangent to d£l and we set 

where for / = • • • , k m ), 

Z 1 = %ki ' ' ' Zk m - 

We also set 

\\ff m = 2 wz'fwh- 

\I\<m 

For a vector field, u, we shall say that u is in H™(£1) if each of its components are in H™ and thus 
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IMIm = 22 H^^lli 2 - 

i=l |/|<m 

In the same way, we set 

IMkoo = 2 

\I\<m 

and we say that u G W^J 00 if ||^||fc,oo is finite. 

Throughout the paper, we shall denote by || • ||p^fc,oo the usual Sobolev norm and use the notations 
|| • || and (•, •) for the I? norms and scalar products. 

Note that the || • || m norm yields inside Vt a control of the standard H m norm, whereas close to 
the boundary, there is no control of the normal derivatives. The use of conormal Sobolev spaces 
has a long history in (hyperbolic) boundary value problems, we refer for example to |14| . |36| . [2], 
[131 fT7] and references therein. 

Let us set E m = {u G H™, Vn G H™" 1 }. Our main result is the following: 

Theorem 1.1. Let m be an integer satisfying m > 6 and Q be a C m+2 domain. Consider uq G E m 
such that Vno G Wco 00 and V • uq = 0, uq ■ n/QQ = 0. Then, there exists T > such that for every 
e G (0,1) and a, \a\ < 1, there exists a unique u £ G C([0,T], E m ) such that ||Vn e ||i i00 is bounded 
on [0,T] solution of (jl.ip . ()1 .2|) with initial data uq. Moreover, there exists C > independent of 
e and a such that 

(1.5) sup (||u(t)|| m + ||Vu(t)|| m _i + ||Vu(t)||i l0O ) +e f ||V 2 n(s)||^_ 1 ds < C. 

[0,T] V 7 JO 

Note that the uniqueness part is obvious since we work with functions with Lipschitz regularity. 
The fact that we need to control || Vit||i |00 and not only the Lipshitz norm is classical in characteristic 
hyperbolic problems when one tries to work with the minimal normal regularity, we refer for example 
to |13| . The same remark holds for the required regularity, the same restriction on m holds in the 
case of general characteristic hyperbolic problems studied in [13]. It is maybe possible to improve 
this by using more precisely the structure of the incompressible equations. The fact that we need 
to control m — 1 conormal derivatives for d n u and not only m — 2 is linked to the control of the 
pressure in our incompressible framework. The regularity of the domain that we require, is also 
mainly due to the estimate of the pressure, this is the classical regularity in order to estimate the 
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pressure in the Euler equation (see [37] for example). Another important remark is that in proving 
Theorem 11.11 we get a uniform existence time for the solution of (jl.ip , (|1.2p without using that 
there exists a solution of the Euler equation. In particular, we shall get by passing to the limit that 
the Euler equation is well-posed in the same functional framework. We hope to be able to use this 
approach on more complicated problems where it is much easier to prove the local well-posedness 
for the viscous problem than for the inviscid one. Finally, it is also possible to prove that in the 
case that the initial data is H s and satisfies some suitable compatibility conditions, we can deduce 
from the estimate (jl.5p and the regularity result for the Stokes problem that u is in the standard 
H s Sobolev space on [0, T\. Nevertheless, higher order normal derivatives will not be uniformly 
bounded in e. 

The main steps of the proof of Theorem 11.11 are the following. We shall first get a conormal 
energy estimate in H™ for the velocity u which is valid as long as the Lipshitz norm of the solution 
is controled. The second step is to estimate ||9 n u|| m _i. In order to get this estimate by an energy 
method, d n u is not a convenient quantity since it does not vanish on the boundary. Nevertheless, 
we observe that d n u ■ n can be immediately controlled thanks to the control of u in H"^ and the 
incompressibility condition. Moreover, due to the Navier condition (jl.2p . it is convenient to study 
7] = (Sun + au) r . Indeed it vanishes on the boundary and gives a control of (d n u) T . We shall 
thus prove a control of ||77|| m _i by performing energy estimates on the equation solved by n. This 
estimate will be valid as long as ||Vu(t)||i i00 remains bounded. The third step is to estimate the 
pressure. Indeed, since the conormal fields Z{ do not commute with the gradient, the pressure is 
not transparent in the estimates. We shall prove that the pressure can be split into two parts, the 
first one has the same regularity as in the Euler equation and the second part is linked to the Navier 
condition. Finally, the last step is to estimate ||Vii(i)||i )00 and actually ||(3 n u) r ||i i00 since the other 
terms can be controlled by Sobolev embedding. To perform this estimate we shall again choose an 
equivalent quantity which satisfies an homogeneous Dirichlet condition and solves at leading order 
a convection diffusion equation. The estimate will be obtained by using the fundamental solution 
of an approximate equation. 

Once Theorem 11.11 is obtained, we can easily get the inviscid limit: 

Theorem 1.2. Let m be an integer satisfying m > 6 and O be a C m+2 domain. Consider uq £ E m 
such that Vuo £ Wci°° , V • uq = 0, uq • n/g n = and u £ the solution of (jl.ip . (jl.2p with initial 
value uq given by Theorem Then there exists a unique solution to the Euler system (|1.3p , 

u £ L°°(0,T,E m ) such that \\Vu\\ 

1,00 is bounded on [0, T] and such that 



when e tends to zero. 

We shall obtain Theorem 11.21 by a classical strong compactness argument. Note that the L°° 
convergence was not obtained in [15], [16]. It does not seem possible to get such a convergence 
thanks to a modulated energy type argument. 

Note that if Q is not bounded the above convergences hold on every compact of O. 

The paper is organized as follows: in section [3l we shall first explain the main steps of the proof 
of Theorem II .11 in the simpler case where O is the half-space M 2 x (0, +oo). This allows to present 
the analytical part of the proof without complications coming from the geometry of the domain. 
The general case will be treated in section HI Finally section [6] is devoted to the proof of Theorem 




[0,21 
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2. A FIRST ENERGY ESTIMATE 



In this section, we first recall the basic a priori 1? energy estimate which holds for (jl.ip . fl 1 . 2 f) . 
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Proposition 2.1. Consider a (smooth) solution of (jl.ip , (jl.2p . i/ien we Ziaue /or every e > and 

d ,1, 



Proof. By using (jl.ljl . we obtain: 

^(^IMI 2 ) = (eAn,n) - (Vp,u) - (u • Vu,u) 

where (•, •) stands for the L 2 scalar product. Next, thanks to integration by parts and the boundary 
condition (jl.2p . we find 

(Vp, u) = I pu-n — / pV-u = 0, 
Jdtt Jn 

f \ u ? 

(u-Vu,u) = / — — u ■ n = 0, 
Jan 2 

(eAu,u) = 2e(V ■ 5u, u) = -2e\\Su\\ 2 + 2e / ((Su) ■ n) ■ uda. 
Finally, we get from the boundary condition (jl.2p that 



)+2e\\Su\\ 2 + 2ae\u T \ 2 L2 , m) =0 



□ 



(Su ■ n) ■ u = / ((Su) ■ n) • u r = — a / |u T | 2 da\ 
9n 



Remark 2.2. iVoie that if ft is a Lispchitz domain, we get from the Korn inequality that for some 
Cq > 0, we have for every H 1 vector field u which is tangent to the boundary that 

||Vu|| 2 < C n {\\Su\\ 2 + \\u\\ 2 ). 

Consequently, we deduce from Proposition \2.1\ that 

(2.1) ^^" U " 2 '* + ec ^ll Vu ll 2 + a£ \ u r\h{dn) ^ eCn||n|| 2 . 
If a > 0, this always provides a good energy estimate. 

Remark 2.3. Even if a < 0, we get from the trace Theorem that there exists C > independent 
of e such that 

l u i~ll 2 (<9Q) — ll u ll + IMP 

and hence, we find by using the Young inequality 

(2.2) ab < 5a 2 + -U 2 , a, b > 0, 5 > 
that 

(2-3) ^^ l|n| ' 2 ) + \ Cn l|Vu| ' 2 + £ l n -li 2 (^) < 2 (« 2 + 1)IM| 2 - 

Consequently, if a is such that ea 2 < 1, we still get a uniform I? estimate from the Gronwall 
Lemma. 
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3. The case of a half-space: $7 = R\ 

In order to avoid complications due to the geometry of the domain in the obtention of higher 
order energy estimates, we shall first give the proof of Theorem 11.11 in the case where f2 is the half 
space ft = M? x (0, +oo). We shall use the notation x = (y,z), z > for a point x in VL. To define 
the conormal Sobolev spaces, it suffices to use Zj = di, i = 1, 2 and Z3 = ip(z)d z where (p(z) is 
any smooth bounded function such that ip(0) = 0, <p'(0) 7^ and <p(z) > for z > (for example, 
ip(z) = z(l + fits). Consequently, we have 



lull 2 

I u \\in 



x \\z a u\\ 2 L2 , \\u\\i t00 = x; \\Z a u\\L~ 

\a\<.m \oi\<k 

where Z a = Z^Z^Z^u. 

Throughout this section, we shall focus on the proof of a priori estimates for a sufficiently smooth 
solution of (jl.ip . (|1.2p in order to get (|1.5p . We use the symbol < for < C where C is a positive 
number which may change from line to line but which is independent of e and a for e G (0, 1) and 

H < 1. 

The aim of this section is to prove the following a priori estimate in the case of the half space 
which is the crucial part towards the proof of Theorem 11.11 

Theorem 3.1. For m > 6, there exists C > independent of e £ (0, 1] and a, \a\ < 1 such that 
for every sufficiently smooth solution defined on [0, T] of (jl.ip . (jl.2p m $7 = M 2 x (0, +00), we have 
the a priori estimate 

N m (t) <c(N m (0) + (l + t + e 3 t 2 ) j\N m (s) + N m (s) 2 )d s y Vie [0,T] 

w/iere 

^m(i) = \Ht)fm + IIVuWH^! + ||Vn|| 2 j00 . 

3.1. Conormal energy estimate. 

Proposition 3.2. For every m > 0, a smooth solution of (jl.l|) . (jl.2p satisfies the estimate 

d f f 

— \\u(t)f m + cae \\Vu\ 

^ l|Vp|| m -i||u|| m + (1 + ||n|| W ri,«,)(||it||^ + II&mH^-i) 
/or some Co > independent of e. 

Proof of Proposition \3.£i In the proof, we shall use the notation x = (y,z) £ IR^" 1 x (0, +00), 
u = (u h ,u 3 ) G R 1 *- 1 x M. 

The case m = just follows from Proposition 12.11 and Remark 12.31 and the term containing the 
pressure does not show up. By induction, let us assume that it is proven for k < m — 1. By applying 
Z a to (jl.ip for |a| = m, we find 

(3.1) d t Z a u + u ■ VZ a u + VZ a p = eAZ a u + C 

where the term C involving commutators can be written as 

where 



2 

m 



(3.2) d = -[Z a ,u- V]tt, C 2 = -[Z Q ,V]p, C 3 = e[Z Q ,A]w. 
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From the divergence free condition in (jl.ip . we get 

(3.3) V-Z a u = C d , C d = -[Z a ,V-]u. 

Finally, let us notice that from the boundary condition (|1.2|) which reads explicitely in the case of 
a half-space 

(3.4) U3 = 0, d z Uh = 2qu/j, x G <9S1, 
we get 

(3.5) ^% 3 = 0, d z Z a u h = 2aZ a u h + C b , C b = -([8 Z , Z a ]u h ) /m , x G 90. 

As in the proof of Proposition 12.11 and Remark 12.31 we get from the standard energy estimate and 
the boundary condition 



(3.6) j t (^\\Z a u\\ 2 )+e\\VZ a uf + e\Z a u h \l 2{m) 

< \ (C,Z a u) \ + \ (Z a p,C d ) \ + e\C b \ L 2 {m) \Z a u h \ L 2 {m) + \\u\\ 2 m . 

Indeed, since V • u = 0, 113 = 0, and Z a u 3 = on <9f2, we get that 

(u ■ VZ a u, Z a u) = 0, (VZ a p, Z a u) = - (Z a p, C d ) . 

Note that when dVt is not flat, the boundary condition (|1.2p does not imply that Z a u ■ n = on 
dVt thus a boundary term shows up in the integration by parts and hence the estimate for the term 
involving the pressure will be worse (see the next section). 

To estimate the last term in the right-hand side of (13.61) . we can use as in Remark 12.31 the trace 
theorem and the Young inequality to get 

e|Cb|L2(sn) \Z a Uh\man) < 2 e ll v ^ au ll 2 + ^Hlm + Ce \ c b?i?(an) 
and hence, we find 

(3.7) ^(i||Z a u|| 2 ) + ie||VZ a uf + e |Z a « h |i a(an) < \\uf m + 1 (C, Z<*u) | + £ |C 6 || 2(an) + 1 {Z°p,C d ) |. 

To conclude, we need to estimate the commutators. First, since [Z3, V-]u = —ip'd z u 3 = (p'S/h ■ Uh 
(thanks to the divergence free condition) and [Zi, V-] = for i = 1, . . . , d — 1, we easily get that for 
m > 1, 

(3-8) IIQH < ||u|| m 

and hence, we obtain 

(3.9) < ||«|U||Vp|U_i. 

We also get that 

{[dz,Zi]u h ) /dU = 0, ([d z ,Z 3 ]u h ) /dQ = -{ip'd z u h ) /m 
since <p vanishes on the boundary. Therefore, from (|3.4p . we get 

([8 Z , Z 3 ]u h ) /m = -2a(<p'u h ) /ga . 
By using this last property and the fact that ip vanishes on the boundary, we find 

\Cb\L 2 {dn) ~ \ u /an\H m - 1 {dn) 
and hence, we get from the trace theorem that 
(3-10) £ \Cb\ 2 L 2( dn ) < e||9 z n|| m _i \\u\\ Hm -i^ m y 

It remains to estimate C. First, we observe that 

(3.11) INI $ IIVp|| m -i. 



Next, since we have 

[Zi, A] = 0, [Z 3 , A]u = -2ip' d zz u - <p"d z u, 
we also get by using repeatidly this property that 

\(C 3 ,Z a u)\ < C 3 + e\\d z u\\ m -i\\u\\ m + \\u\\ 2 m 

where C 3 is given by 

C ~3= Yl e\(cpd zz zP U ,Z a u)\ 
0,O<\p\<m-l 

for some harmless functions cp depending on derivatives of ip. To estimate C 3 , we use integration 
by parts. If (3 / 0, |/3| / 1, since ip vanishes on the boundary, we immediately get that 

e\(cpd zz Z^u 1 Z a u) \ < e(\\d z u\\ m + ||«|| m ) ||9 2 u|| m _i. 

For (3 = or |/3| = 1, there is an additional term on the boundary, we have 

| {cpd zz Z^u, Z a u) | < e(\\d z ^llm ~\~ H^llm) H^z'f \\m— 1 

From the boundary condition (|3.4p and the trace theorem, we also find 

e\d z u h \ L 2( dn) \Z a u\ L 2 {m) < e\u\ L 2( dn) \Z a u\ L 2 {dn) < e\\d z u\\ m \\u\\m- 

We have consequently proven that 

(3-12) | (C 3 , Z a u) | < e||9 z «|| m (\\d z u\\ m -i + \\u\\ m ) + ||u||^ + 

It remains to estimate C\. By an expansion, we find that C\ is under the form 

(3.13) d= c^^Z^u - Z^Vu + u-[Z a ,V]u. 

To estimate the last term, we first observe that 

(3.14) \\u-[Z a ,V\u\\ < Yl 

\P\<m-l 

and then that because of the first boundary condition in f|3.4[) we have 

\u 3 (t,x)\ < ip(z)\\u 3 \\ w i,vo . 

This yields 

(3.15) \\u ■ [Z a , V]u\\ < ||it 3 || w -i, o \\u\\ m . 

To estimate the other terms, we can use the following generalized Sobolev-Gagliardo-Nirenberg 
inequality, we refer for example to [T3] for the proof: 

Lemma 3.3. For u, v G L°° n H^ Q , we have 

(3.16) \\Z ai u Z a2 v\\ < ||«||loo \\ v \\k + IMIfc> l a i| + \ a 2\ = k. 
For j3 7^ 0, this immediately yields 

(3.17) \\c Pa Z p u- Z"<Vu\\ < || Z?u h ■ Z^VhuW + \\Z^u 3 ■ Z^d z u\\ 

< \\Zu\\l°° \\u\\m + \\Zu\\l°° \\d z u\\ m -i + ||(9 2 u||Loo||Zu 3 || m _i 

< ||Vu||ioo(||n|| m + ||5 z u|| m _i) 
and hence, we find the estimate 

(3.18) ||Ci|| < ||V«||ioc (||it|| m + ||9 2 n|| m _i). 



From (1321) and (3J|, (f3T0l) . ([HTTP . (f3T2l) . (f3T8l) and the remark (23}, we find 

~|(^IHIm) + < e||^|| m (||a z u|| m _i + ||u|| ro ) 

+\\ u \\m + l|Vp|| m _i||u|| m + (1 + ||n|| H/ i, o)(||n||^ + H^ll^). 

To get the result, it suffices to use the Young inequality to absorb the term e||(9^ti|| m in the left 
hand side. This ends the proof of Proposition 13.21 



3.2. Normal derivative estimates. In this section, we shall provide an estimate for ||c^u|| m _i. 
A first useful remark is that because of the divergence free condition we have 

(3.19) ||^it 3 || m _i < \\u\\ m . 

Consequently, it suffices to estimate d z Uh. Let us introduce the vorticity 

/ d 2 u 3 - d 3 u 2 
uj = curl u = 83111 — 81113 
\ diu 2 - d 2 u\ 

which solves 

(3.20) dtUJ + u ■ X7u — uj ■ Vu = eAo;, x £ J7. 
On the boundary, we find thanks to (j3.4j) that 

uih = 2aUfr, x £ d£l. 
This leads us to introduce the unknown 

r] = u h - 2au^. 

Indeed, the main advantages of this quantity is that on the boundary, we have 

(3.21) 7/ = 0, x£dn 
and that we have the estimate 

(3.22) \\d z u h \\ m -i < \\u\\ m + IMU-i- 

Consequently, we shall estimate in this section ||r/|| m _i. We have the following result: 

Proposition 3.4. For every m > 1, every smooth solution of (jl.ip . (|1.2p . satisfies the following 
estimate : 

j t Ht)\\l-i+coe\\Vv\\ 2 m -i 

< ||Vp|| m -l||??|| m -l + (l + ||u||2,oo + ||0*u||l,oo) (lMlm-1 + \\ u \\li) 

Proof of Proposition \3.4\ From the definition of i], we find that it solves the equation 

(3.23) dtv + u- Vi] - eAn = uj ■ Vu h + 2aV^p 

with the boundary condition (|3.2ip . By a standard 1? energy estimate, we find 

d 1 

dtr 

Furthermore, by using that 

ll w • Vtt ft || < ||Vu||z/x, ||w|| < ||Vn|| L oo (||ry|| + Hull!), 
we find the result for m = 1. 



■\\ V (t)f + e\\V V \\ 2 < (|| Vp|| IMI + \\uj • Vu fc |||M|) . 



Now, let us assume that Proposition (|3.4p is proven for k < m — 2. We shall now estimate 
||7/|| m _i. By applying Z a for \a\ = m — 1 to (|3.23p . we find 

(3.24) d t Z a 7] + u ■ VZ a V - eAZ a r] = Z a (u- Vu h ) + 2aZ a V^p + C 

where C is the commutator: 

C = d+C 2 , C x = [Z a ,u- V] v , C 2 = -e[Z a ,A] v . 

Since Z a r] vanishes on the boundary, the standard I? energy estimate for (|3.24|) yields 

(3-25) ^ll^ll^i+ellV^I^! 

< ||Vp|| m—X ||^?||m— 1 

+ \\u ■ Vu/,|| m _i||77|| m _i + I (C, Z a 7]) 

To estimate the terms in the right-hand side, we first write thanks to Lemma 13, 31 that 

\\U) ■ VUhWm-! < ||w||i,oo(||Ufc|| m + ||d*«fc||m-l) + ||VUft||L«.||w||m-l 

(3.26) < ||Vu||i<x»(||it ft || m + ||T/|| m _i). 

Note that we have again used (|3.22p to get the last line. 

Next, we need to estimate the commutator C. As for (|3.12p . we first get from integration by 
parts since Z a r] vanishes on the boundary that 

(3-27) \{C 2 ,Z a r ] ) \ < ell^r/IU-idl^r/IU-a + \\v\\m-l) + \\v\\m-i- 

It remains to estimate C\ which is the most difficult term. We can again write 

Ci= Yl cp^Z^u- Z^Vrj + u-[Z a ,V]r]. 

To estimate the last term, we first observe that 

\\n-[Z a ,V} v \\< ]T \\u 3 d z Z^\\ 

k<m-2 

and by using again that 

(3.28) \uz(t,x)\<ip{z)\\uz\\ w i,oo, 
we find 

||tt- [Z a ,V]i]\\ < \\u3\\ w i >00 \\r]\\m-l- 
To estimate the other terms in the commutator, we write 

Wcp^u-Z^vW < \\Z?u h ■ Z^ hV \\ + \\Z^u 3 ZW zri \\. 

Thanks to Lemma 13.31 we have since /3 7^ that 

\\Z P U h • Z 7 V/ l 77|| < ||Vli||L°°|ML-l + ||^||L^||^||m-2 < ||V«||l°o (l^llm-l + HU) • 

The remaning term is the most involved. We want to get an estimate for which d z r\ does not 
appear. Indeed, due to the expected behaviour in the boundary layer (jl.4|) . one cannot hope an 
estimate which is uniform in e for ||9 z r/||L°o or ||9 2 r/|| m . We first write 

zP U3 z^d zV = -^-z^ U3 i P (z)z^d Z 7 1 

and then we can expand this term as a sum of terms under the form 

1 



c 



where /3 + 7 < m — 1, I7I 7^ to — 1 and cs - is some smooth bounded coefficient. 
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Indeed, we first notice that Z a <p has the same properties than <p, thus the commutator [<p, Z 7 ] 
can be expanded under the form dp^Z" 1 with I7I < | — y | where (p- have the same properties as ip. 
Then, we can write 

where the coefficient <p>^/<p is smooth and bounded. Finally, we reiterate the process to express 
the commutators [(p, Z 7 ]. Hence, after a finite number of steps, we indeed get that [tp^Z^] can be 
expanded as a sum of terms under the form Cy.Z 7 where is smooth and bounded. In a similar 
way, we note that Z a (l/ip) has the same properties as l/(p and hence, by the same argument, we 
get that the commutator [l/<p, Z@] can be expanded as a sum of terms under the form c^Z 13 ^ ■ ). 
If f3 = 0, and hence (7) < m — 2, we have 

\\ Z H~ TT n 3) Z^Z 3 r]\\ < II— ^113 Loo lkllm-1- 
Moreover, since 113 vanishes on the boundary, we have 

II 1 II <ll II 

We have thus proven that for /3 = 

ll^(^73 U3 ) Z ^ Z 3V\\ < ||«|| W l )0 o||77|| m _l. 

Next, for (3 / 0, we can use Lemma 1331 to get 

H z " ( ^f 3) Z " Z37] W ~ H z (^i) U3 )ll^ H^ll- 2 + 1^(^)^)11^11^11^. 

And hence, since ^"tis vanishes on the boundary, we get from the Hardy inequality that 

H Z (^(i) U3 )llm-2~ ll^3|U-l- 
Indeed, For i = 1,2, we directly get that 

H^(^(i) U3 )llm-2 = \\^ Z i U 4m-2 ~ ll^«3llm-l- 

For i = 3, since Z^(^) have the same properties as 1/V, we have 

ll^(^ 3 )|L_ 2 < ||^3U 3 || m _ 2 + ll^jHL-2 
and hence the Hardy inequality yields 

|| Z 3(^y«3)|| m _ 2 ^ ||^Z 3 U3|| m _2+ ||9 2 ^3 \\m— 2 i$ ||^U3|| m _i. 

By using again the divergence free condition, we thus get that 



ll Z (^)«3)|| m _ 2 < ||^3||m-l < \H\m 
Consequently, we obtain that 

||z^(-^u 3 ) znzmW S (H^ll2,oo + ||^lk»)(ltolU~i + IML). 

We have thus proven that 

(3-29) ||Ci|| < (|| ^11 2,00 ~i~ W'U'Ww 1 ' 00 \\ Z V\\l o ° ) ( \\v\\ Tn— 1 |k||m) ■ 
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To end the proof of Proposition EQJ it suffices to collect (13351 . (13361) (^271) and ([339]) . 

3.3. Pressure estimates. It remains to estimate the pressure and the L°°norms in the right hand 
side of the estimates of Propositions 13.41 and 13.21 

The aim of this section is to give the estimate of ||Vp|| m _i. 

Proposition 3.5. For every m > 2, there exists C > such that for every e £ (0,1], a smooth 
solution of (jl.ip . (jl.2p on [0, T] satisfies the estimate 

||Vp(t)|| m _i < c(e||Vu(t)|| m _i + (1 + ||«(t)|| w n,o )(||«(t)|| m + ||5^(i)|| m _i), Vt G [0,T]. 

Note that by combining Proposition 13.51 Proposition 13.21 Proposition 13.41 and (|3.19p . fj3.22p . we 
find that 

(3.30) \\u(t)\\ 2 m + \\d z u(t)fm-i + z f (\\Vu\t + IIV^II 2 ^!) 

Jo 

^ INII m + l|9 2 w || m _i + / (i + IMkoo + ||9 2 m||i i00 ) (ll^ull^i + 

J 

In particular, we see from this estimate that it only remains to control ||w||2,oo + H^z^Hi.oo- 

The proof of Proposition 13.51 relies on the following estimate for the Stokes problem in a half- 
space. Consider the system 

(3.31) d t u - eAu + Vp = F, V • u = 0, z > 0, 
with the Navier boundary condition (jl.2p which reads 

(3.32) u 3 = 0, d z u h = 2au h , z = 

where F is some given source term. 

We have the following estimates for the Stokes problem 

Theorem 3.6. For every m>2, there exists C > such that for every t > 0, we have the estimate 

||Vp|| TO _i < c(||F|| m _i + ||V • F|| m _ 2 + e||Vti|| m _i + ||u|| m _i). 

The proof can be obtained from standard elliptic regularity results. Nevertheless, in the case of 
a half-space, the proof follows easily from explicit computations in the Fourier side. We shall thus 
sketch the proof for the sake of completeness. 

Proof of Theorem 13.61 By taking the divergence of (|3.3ip , we get that p solves 

Ap = V • F, z>0. 

Note that in this proof, the time will be only a parameter, for notational convenience, we shall not 
write down explicitely that all the involved functions depend on it. 
From the third component of the velocity equation, we get that 

(3.33) O z p(y, 0) = ed zz u 3 {y, 0) + eA h u 3 (y, 0) - d t u 3 (y, 0) + F 3 (y, 0). 
From, the boundary condition for the velocity, we have that 

A /l n 3 (y,0) =0, c^ 3 (y, 0) = 0. 
Moreover by applying d z to the divergence free condition, we get that 

d zz u 3 (y,0) = -Vfc • d z u h (y,0) 
and hence from the second boundary condition in (|3,32p . we obtain 

d zz u 3 (y, 0) = -2aV h ■ u h . 
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Consequently, we can use (|3.33p to express the pressure on the boundary and we obtain the following 
elliptic equation with Neumann boundary condition for the pressure: 

(3.34) Ap = V-F, z>0, d zP (y,0) = -2aeV h -u h (y,0) + F 3 (y,0). 
Note that we can express p as p = p\ + P2 where p\ solves 

(3.35) A Pl =V-F, z>0, d zPl (y,0) = F 3 (y,0) 
and P2 solves 

(3.36) Ap 2 = 0, z>0, d z p 2 (y,0) = 2aeV h -u h (y,0). 

The meaning of this decomposition is that p\ corresponds to the gradient part of the usual Leray- 
Hodge decomposition of the vector field F whereas p 2 is purely determined by the Navier boundary 
condition. The desired estimates for p\ and p2 can be obtained from standard elliptic theory. In 
the case of our very simple geometry, the proof is very easy thanks to the explicit representation 
of the solutions in Fourier space. 

To estimate pi, we can use an explicit representation of the solution in Fourier space (we refer 
for example to the appendix of [27]). By taking the Fourier transform in the (x±,X2) variable, we 
get that p\ solves 

(3.37) 3 zzPi - \i\ 2 Pl =i£-F h + d z F 3 , z>0, 0) = F 3 (£, 0). 
Consequently the resolution of this ordinary differential equation gives 

pi(£,z)= / Gt(z,z')F(Z,z')dz' 
Jo 

where G^(z,z') is defined as 

G,(z,z>)= -(eH^^M,e,e^'cosh ( |e|,)), z < z> , 



{eH^^M^, -e-l^sinh *>*'■ 



Note that the product G^F has to be understood as the product of a (1,3) matrix and a (3, 1) 
matrix. 

In particular, we obtain that 

r+oo 

dzPitt, z) = / Kz(z, z')F(Z, z') dz' + F 3 (£, z) 
Jo 

where K^(z,z') is defined by 

K i {z,z')= d z G^z,z'), z<z 
d z G^(z, z'), z > z' . 

Since 



and 



sup {\\Kz(z, ■)IUi(o,+oo) + I£III G ?Ov)IIl1(o,+oo)) < +oo 



SUP ( ||-FQ (-^OHli^+oo) + ICHIRO, 2')||l1(0,+oo)) < +00, 



we get by using the Schur Lemma that 



L? (0,+oo) + Oil -L 2 (0,+oo) L 2 (0,+oo) > 
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where C does not depend on £. Hence, by using the Bessel identity we obtain from the previous 
estimate that 

In a similar way, we get by multiplication in the Fourier side that 

l|V£pi|| < \\F\\ k , Vfc<m-1. 

Moreover, by using (|3.37p . we also obtain that 

\\dzzPi\\k < l|V--F|| fe , Vk<m-2. 

Consequently, since [d zz ,Z^\ = ip"d z + 2(p'd zz , the result for p\ follows easily by applying Z3 3 to 
(|3,37p and by induction on 03. This yields finally 

(3-38) ||Vpi|| m -i < ||F||m-l + ||V • F|| m _ 2 . 

which is the desired estimate for p\. 

Let us turn to the estimate of p%. Again, by using the Fourier transform, we can solve explicitely 
(ET36]) . We obtain that 

(3.39) z) = 2iae^ ■ & h (£, 0)e~^ z . 

From the Bessel identity, this yields 

||Vp 2 ||m-i < e |ce| ||ttfc(-,0)|| 
and hence from the Trace Theorem, we obtain 
(3-40) ||Vp 2 || m -i<e|a|||V«ft||| l _ 1 ||« h ||| l _ 1 . 

Consequently, we can collect (j3.38p . (j3.40p to get the result. This ends the proof of Theorem 
It remains the: 

Proof of Proposition 13.51 We can first use Theorem 13.61 with F = —u ■ Vu to get 

||Vp|| m _i < \\u • Vu|| m _i + ||Vu • Vn|| m _ 2 + e|| Vu|| m _i + HU-i- 
Since, by using again Lemma 13.31 we have 

\\u ■ Vu\\ m -i < \\u\\ w i,<x, (||tt|| m -l + ||Vu|| m _l) < ||u|| w i,oo(||'u|| m + \\d z u\\ m -i), 

\\Vu ■ Vn|| m _ 2 < ||Vu||ioo ||Vn|| m _ 2 , 
the proof of Proposition 13.51 follows. 

3.4. L°° estimates. In this section, we shall provide the L°° estimates which are needed to estimate 
the right-hand sides in the estimates of Propositions 13.21 13.41 Let us set 

(3-41) Q m (t) = \\u(t)\\ 2 m + \\v(t)\\ 2 m-l + WvWloc 

Proposition 3.7. For itlq > 1, we have 

1 

(3-42) IMIw 1 ' 00 < IML0+2 + ||??||mo+i + \\v\\l°° < Qm(t), m > m + 2 

1 

(3.43) 

l 

(3-44) ||Vw||i )0 o ^ |M|mo+3 + II^IUo+3 + \\v\\l,oo ^ Qm(t), 171 > m + 3 

From this proposition and (|3.30p . we see that we shall only need to estimate ||t?||i ;0 o i n order to 
conclude. 
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Proof. We easily get (|3.42p . (|3.43p and (|3.44j) from the anisotropic Sobolev embedding : 
(3-45) 11/lli.o < |||/|^o(ffi)||^ < \\d z f\\ mo H/IUo + 11/11^, 

where we use the notation 

|||/|// m o(an)|| L oo = sup \f{-,z)\ H mom?), 

z z 

the divergence free condition which provides 

\d z u 3 (t,x)\ < \V h u h (t,x)\ 
and the fact that by definition of r], we have 

\d z u h (t,x)\ < \V h u 3 (t,x)\ + \u h (t,x)\ + \r]{t,x)\. 

□ 

We shall next estimate and ||Zr/||ioo. Note that we cannot estimate these two quantities 

by using (|3.45|) . Indeed, we do not expect d z r\ ~ d zz u to be uniformly bounded in conormal 
spaces in the boundary layer (recall that u is expected to behave as-y/e U{z/yfe, y) as shown in 
[16] ) . Consequently, we need to use more carefully the properties of the equation for rj to get these 
needed L°° estimates directly. This is the aim of the following proposition. 

Proposition 3.8. We have, for m > 6, the estimate: 

2 



loo < Q(0) + (1 + t + S 3 t 2 ) f (Q m {s? + Qm{s)) ds. 

Jo 



Proof of Proposition \ 3.8[ The estimate of is a consequence of the maximum principle for 

the transport-diffusion equation f|3.23|) . Let us set 

(3.46) F = oj ■ Vu h + 2aV^9 
so that ()3.23|) reads 

(3.47) d t r] + u- Vi] = eAr] + F. 
We obtain that ^ 

< Wvoh™ + / \\F\\l°° 
Jo 

and hence from the Cauchy-Schwarz inequality that 



t 

(3-48) \\r](t)\\loo < \\vo\\l«>+t I \\Ff La 

Jo 

Next, we want to get a similar estimate for Zifj. The main difficulty is the estimate of Z 3 r] since the 
commutator of this vector field with the Laplacian involves two derivatives in the normal variable. 

Let x( z ) be a smooth compactly supported function which takes the value one in the vicinity of 
and is supported in [0, 1]. We can write 

rj = xn + (i - x)v ■= v b + v int 

where rf nt is supported away from the boundary and rj b is compactly supported in z. 

Since 1 — x an d d z X vanish in the vicinity of the boundary, and that our conormal H m norm is 
equivalent to the usual H s norm away from the boundary, we can write thanks to the usual Sobolev 
embedding that 

3 

|h m *||l,oo < IMIi^O, «0>2+- 

for some k supported away from the boundary and hence we get that 
(3-49) ||»7 int (t)||i,oo < h\\ m <Qm(t)K m>4. 

15 



Consequently, it only remains to estimate if . We first notice that rj b solves the equation 

(3.50) d t 7] b + u ■ Vif = eAn b + X F + C b , 

in the half-space z > with homogeneous Dirichlet boundary condition, where C b is the commutator 

C b = -2ed z x d z r] - ed zz x ?? + u 3 d z x 

Note that again since d z x and d zz \ are supported away from the boundary, we have from the usual 
Sobolev embedding that 

3 

||C 6 ||i,oo < HkuHws.oo ^ ||««||ff»o, so > 3 + - 

and hence that 

(3.51) ||C 6 ||i j0O < ||u|| m < q|, m > 5. 

A crucial estimate towards the proof of Proposition (|3.8|) is the following: 
Lemma 3.9. Consider p a smooth solution of 

(3.52) d t p + u ■ Vp = ed zzP + S, z > 0, p(t,y,0)=0 

for some smooth divergence free vector field u such that u-n = u$ vanishes on the boundary. Assume 
that p and S are compactly supported in z. Then, we have the estimate: 



l.oo ^5 



|Pol|l,co + J ((IMkoo + ||d z tt||l i00 ) (||p||l,oo + IIpIUo+3) + ||<S||l,oo) 



for too > 2. 



Let us first explain how we can use the result of Lemma 13.91 to conclude. By applying Lemma 
21 to (|3.50p with S = xF + C b + eA y r] b (where A y is the Laplacian acting only on the y variable), 
we immediately get that 

(3.53) 11^(0111,00 < ||r?o||i,oo 



+ 



J ((IMkoo + ||Vu||l,oo) (IM|l,oo + lhllm.0+3) + ||C 6 ||l,oo + ll-^H l,oo + E\\ AyV b \\l, 



Note that ||C & ||i i00 is well controlled thanks to (I3.5ip and that thanks to Lemma 13.71 we have 

(3-54) ll^lll.oo < ||Vfcp||l,oo + ||w|| 1|0o || V«|| 1|0O < ||Vfcp||l,oo + Qm- 

From the anisotropic Sobolev embedding (j3.45p . we note that 

l|Vfcp||i,oo < l|Vp|U_i 

for m — 1 > m,o + 2 > 5. Finally, we also notice that thanks to a new use of (|3.45p . we have that 
^||A^lll,oo) 2 < S 2 (J*\\VMi-lQl) 2 +£ 2 tj*Qrn 

< eh ( f || V 2 u\\m-i] *( f QmY + e 2 t f Q m 







< e f \\V 2 u\\ 2 m „ l + {eh + eh 2 ) [ Q r 
Jo J 
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for m > mo + 4. Consequently, we get from (|3.53j) and ([3.49P that 

lh(*)lll,oo £ \\V0\\l,oc + Qm(t) + e [ \\V 2 u\\ 2 m-l+t [ (Qm{s? + || Vp(s)||™-l) ds 

Jo Jo 

+(l+t + e 3 t 2 ) / Q rn ds. 
Jo 

Finally, we get from this last estimate and (|3.30p that 

ll#)lli,oo < Q(0) + (1 + t + eh 2 ) f {Q m (s) + Q m (s) 2 ) ds. 

Jo 

This ends the proof of Proposition 
It remains to prove Lemma 



Proof of Lemma \3.tA The estimate of ||p||z,°° and HdipHL 00 = \\Zip\\l°° , i = 1, 2 also follow easily 
from the maximum principle. Indeed, we get that dip solves the equation 

d t dip + u • Vdip = ed zz dip + diS - diu ■ Vp 

still with an homogeneous Dirichlet boundary condition. Consequently, by using again the maxi- 
mum principle, we find 

(3.55) HVfc/ollioo < ||?7o||i,oo + J (||S||i j0 o + ||dt«- Vp||l°°)- 
To estimate the last term in the above expression, we write again 

(3.56) \\diU- VpHioc < ||K||l )0 o||p||l,oo + II^^sHloo ||Z 3 p|| L cx> < ||li|| 2 ,oo||p||l,oo- 

by a new use of the fact that u is divergence free. 

It remains to estimate ||^3/9||z,o° which is the most difficult term. We cannot use the same 
method as previously due to the bad commutator between Z3 and the Laplacian. We shall use a 
more precise description of the solution of (|3.50p . We shall first rewrite the equation (|3.5U|) as 

d t p + zd z ii 3 (t, y, 0)d z p + u h {t, y, 0) • V h p - ed zz p = S - R := G 

where 

R = (u h (t,x) - u h (t,y,0)) ■ V h p+ {u 3 {t,x) - zd z u 3 (t,y,0))d z p. 
The idea will be to use an exact representation of the Green's function of the operator in the 
left-hand side to perform the estimate. 

Let S(t, t) be the C° evolution operator generated by the left hand side of the above equation. 
This means that f(t,y,z) = S(t, r)/o(y, z) solves the equation 

d t f + zd z u 3 (t,y,0)d z f + u h (t,y,0)-V h f-ed zz f = 0, z > 0, t > r, f(t,y,0) = 0. 

with the initial condition f(r,y,z) = fo(Ui z )- Then we have the following estimate: 

Lemma 3.10. There exists C > such that 

\\zd z S(t,T)f \\ L oo < C(||/o||loo + \\zd z fo\\ L °°), Vt > r > 0. 

We shall postpone the proof of the Lemma until the end of the section. 
By using Duhamel formula, we deduce that 

(3.57) p(t) = S(t, t) Po + I S(t, r)G(r) dr. 

Jo 

Consequently, by using Lemma 13.101 we obtain 

II^3P||l=° < (||po||l°° + \\zd z p \\ L ™ + J (\\G\\l°° + \\zd z G\\ L o 
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Since p and G are compactly supported, we obtain 
(3-58) \\Z 3 p\\ L ~ £ (||po||i,oo + y ||G||i, c 

It remains to estimate the right hand side. First, let us estimate the term involving R. Since 
u 3 (t, y, 0) = 0, we have 

\\ R \\l°° < H^lk^llV^pHioo + ||(9^ti3||L°°||^3/0||L°° ^ IM|l,oo ||/0||l,oo- 

Note that we have used again the divergence free condition to get the last estimate. Next, in a 
similar way, we get 



[u h (t,x)-u h (t,y,0))-ZV h p + (u 3 (t,x)-zd z u 3 (t,y,0))Zd z p 



L x 



\\ZR\\l°° i$ ||«||2,oo||p||l,oo + 

By using the Taylor formula and the fact that p is compactly supported in z, this yields 

||^||l°° < ||«||2,oo||p||l,oo + \\dzUh\\L°°\\<p(z)ZVhp\\L°° + \\d zz U 3 \\ L oo\\ip 2 (z)Zd z p\\ L oo . 

Consequently, by using the divergence free condition, we get 

\\ R \\l°° < (||«||2,oo + ||cV*i||i )t ») (||p||l,oo + \\<p(z)p\\2,oo)- 

The additional factor ip in the last term is crucial to close our estimate. Indeed, by the Sobolev 
embedding (|3.45p . we have that for |a| = 2 

\\<pZ a ri\\ L «> < \\Z a V \\ mo + \\d z {<pZ a rj) || mo 

and hence we obtain by definition of Z 3 that 

(3-59) \\vZ a il\\L°° < NU+3, M = 2. 

Consequently, we finally get by using Proposition 13.71 that for m > mo + 4 

(3-60) ||-R(t)||l,oo ^ (IMkoo + ||9 Z 'u||l,oo)(||p||l,oo + ||/9||mo+3)- 

Finally, the proof of Proposition 13.81 follows from the last estimate and (|3.58l) . 
It remains to prove Lemma 13.101 

Proof of Lemma \3.1(A Let us set f(t,y,z) = S(t,r)fo(y,z), then / solves the equation 

d t f + zd z u 3 (t,y,0)d z f + u h (t,y,0)-V h f-ed zz f = 0, z > 0, f(t,y,0) = 0. 
We can first transform the problem into a problem in the whole space. Let us define / by 

(3.61) f(t,y,z) = f(t,y,z),z>0, f(t,y,z) = -f(t,y,-z), z < 
then / solves 

(3.62) dJ + zd z u 3 (t,y,0)d z f + u h (t,y,0)-V h f-ed z J=0, z£R 

with the initial condition f(r,y,z) = fo(y,z). 

We shall get the estimate by using an exact representation of the solution. 
To solve (|3.62p . we can first define 

(3.63) 9(t,y,z) = f(t,$(t,T,y),z) 
where $ is the solution of 

dt& = u h (t,&,0), §(r,T,y) = y. 

Then, g solves the equation 

dt9 + zi(t,y)d z g - ed zz g = 0, g(r,y, z) = f (y, z) 
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where 

(3.64) 1 (t,y)=d z u 3 (t,<S>(t,T,y),0) 

which is a one-dimensional Fokker-Planck type equation (note that now y is only a parameter in 
the problem). By a simple computation in Fourier space, we find the explicit representation 

1 / (z - z'f 



9(t,x) = , exp( ,,,t,„ )fo(y,e- r ^z , )dz' 



k(t,r,y,z-z')f (y,e- r ^z')dz' 

where T(t) = J* j(s,y) ds (note that T depends on y and r, we do not write down explicitely this 
dependence for notational convenience). 

Note that k is non-negative and that J" K k(t, r, y, z) dz = 1, thus, we immediately recover that 

< ||/oI|l°°- 

Next, we observe that we can write 

zd z k(t,r,z — z) = [z — z')d z k — z'd z 'k(t,T, z — z') 

with 

f \{z - z')d z k\dz' < 1 

JR 

and thus by using an integration by parts, we find 

\\zd z g\\ L ~ < \\f\\ Loo + e" r W ( k(t,r,y, z')z'd z fo(y,e- r ^ z')dz' . 

Jr 

By using (|3.64p . this yields 

\\zd z g\\ L oo < ||/o||loo + \\zd z f \\ L oo. 
By using (|3.6ip and (|3.63p . we obtain 

\\zd z f\\ L ^ < \\zd z f\\ L oo < \\fo\\L°° + \\zd z f \\L°° < ||/o||l°° + \\zd z f \\L°°- 
This ends the proof of Lemma 13.101 

3.5. Final a priori estimate. By combining Propositions l3,8l I3.7l and (|3.30p . the proof of Theorem 
13.11 follows. 

4. The case of a general domain with smooth boundary 

4.1. Notations and conormal spaces. We recall that Q is a bounded domain of M 3 and we 
assume that there exists a covering of £1 under the form 

(4.1) HcSlo U™ =1 Qi 

where C 0, and in each f2j, there exists a smooth function ipi such that f2 n f2j = {(x = 
(x 1 ,x 2 ,x 3 ), x 3 > il> i (x 1 ,x 2 )} n $li and d£l n Cli = {x 3 = ^(xi, x 2 )} n fij. 

To define Sobolev conormal spaces, we consider (^fc)i<fc<Ar a finite set of generators of vector 
fields that are tangent to dfl and 

C(fi) = {/£i 2 (0), Z 7 GL 2 (ft), |/|<m} 

where for / = {k\, ■ ■ ■ ,k m ), We use the notation 

3 

\\u\\m = J2Y1 H^lli 2 

i=l \I\<m 
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and in the same way 

\\u\\k,oo 

\\VZ m u\\ 2 = HV^u||i 2 . 

\I\<m 

Note that, by using our covering of $7, we can always assume that each vector field is supported 
in one of the fij, moreover, in the || • \ \ m norm yields a control of the standard H m norm, whereas 
if f2j n <9f2 7^ 0, there is no control of the normal derivatives. 

In the proof will denote a number independent of e G (0, 1] which depends only on the C k 
regularity of the boundary, that is to say on the C k norm of the functions fy. 

By using that <9f2 is given locally by x$ = tp(xi,X2) (we omit the subscript i for notational 
convenience), it is convenient to use the coordinates: 

(4.2) * : (y,z) ^ {y^(y)+z). 

A local basis is thus given by the vector fields (d y i , d y 2 , d z ) . On the boundary d y i and d y 2 are 
tangent to <9f2, but d z is not a normal vector field. We shall sometimes use the notation d y 3 for d z . 
By using this parametrization, we can take as suitable vector fields compactly supported in in 
the definition of the || • || m norms: 

Zi = d yi = di + dii) d z , i = l, 2, Z 3 = <p(z) (dxtp d x + d 2 ^ d 2 - d z ) 

where tp is smooth, supported in R + , and such that cp(0) = 0, (p(s) > 0, s > 0. 

In this section, we shall still denote by di, i = 1, 2, 3 or V the derivation with respect to the 
standard coordinates of W 1 . The coordinates of a vector field u in the basis (9 y i)i<i<3 will be 
denoted by u l , thus 

u = u d y i + u 2 d y 2 + u 3 d y s 

whereas we shall still denote by Ui the coordinates in the canonical basis of M 3 , namely u = 
u\d\ + u 2 d2 + u^d^ (we warn the reader that this convention does not match with the standard 
Einstein convention for raising and lowering the indices in differential geometry). 
We shall also denote by n the unit outward normal which is given locally by 

! / 9Mv) \ 

n{<S>{y,z)) = -\ d 2 ^{y) 

(note that n is actually naturally defined in the whole Oj and does not depend on X3) and in the 
same way, by II the orthogonal projection 

n(*(y, z))X = X-X- n(*(y, z)) n(*(y, z)) 

which gives the orthogonal projection onto the tangent space of the boundary. 
By using these notations, the Navier boundary condition (II. 2p reads: 

(4.3) u ■ n = 0, Iid n u = 6{u) - 2allu 

where 6 is the shape operator (second fondamental form) of the boundary i.e given by 

6(u) = U(u- Vn). 

The crucial step in the proof of Theorem 1 1.1 1 is again the proof of an a priori estimate. We shall 
prove that: 
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= ^2 \\ zIu \\l°°, 

\I\<m 



Theorem 4.1. For m > 6, and Q a C m+2 domain, there exists C m +2 > independent of e G (0, 1] 
and a, |a| < 1 swc/i i/iai /or every sufficiently smooth solution defined on [0,T] o/ (jl.ip . (jl.2p , we 
have the a priori estimate 

N m (t) <C m+2 (N m (0) + (l + t + e 3 t 2 ) j\N m (s) + N m (s) 2 )ds), Vt G [0, T] 

JVm(t) = Ht)fm + l|V«(t)||^_i + ||V«||f i00 . 

The steps of the proof of Theorem 14.11 are the same as in the proof of Theorem 13.11 Nevertheless 
some new difficulties will appear mainly due to the fact that n is not a constant vector field any 
more. 

4.2. Conormal energy estimates. 

Proposition 4.2. For every m, the solution of (jl.ip . (jl.2p satisfies the estimate 

Ht)f m + e [ \\Vu\\ 2 m 
Jo 

< C m+2 (||«o||m + J (j|V 2 pi||m-l Him + e_1 II V P2 ||m_l + (l + ||u|| w i,cx>) (Him + || Vlt| ) ^ 

where the pressure p is splitted as p = p\ + p 2 where p\ is the "Euler" part of the pressure which 
solves 

Api = — V • (u • Vu), x G fi, d n p = — (u ■ Vu) • n, x G dd 
and p2 is the "Navier Stokes part" which solves 

Ap2 = 0, x G fi, d n p2 = s/S.u • n, x G dtl. 

Note that the estimate involving the pressure is worse than in Proposition 13.21 Indeed, since 
Z a u ■ n does not vanish on the boundary, we cannot gain one derivative in the estimate of the Euler 
part of the pressure by using an integration by parts. 

4.3. Proof of Proposition 14.21 The estimate for m = is already given in Proposition 12.11 
Assuming that it is proven for k < m — 1, we shall prove it for k = m > 1. By applying Z for 
|/| = m to (jl.ip as before, we obtain that 

(4.4) dtZU + u ■ VZ 7 n + Z 7 Vp = eZ 1 Au + C 1 
where C 1 is the commutator defined as 

C 1 = [Z T ,u- V]. 
By using again Lemma 13.31 we obtain that 

(4.5) ye 1 )) < C m+1 || \yi,oo \\ll\\m 

+ \\d z u\\ m -i). 

Indeed, we can perform this estimate in each coordinate patch. In Qq, this is a direct consequence of 
the standard tame Gagliardo-Nirenberg-Sobolev inequality. Close to the boundary, we first notice 
that u ■ Vu = u\d\u + U2d2U + u^d^u can be written 

u ■ Vu = u\d y iu + U2& y 2U + u ■ N d z u 

where Ui, % = 1, 2 and 3 are the coordinates of u in the standard canonical basis of IR n and N is 
defined by 
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Note, that when the boundary is given by x$ = ip(xi,X2), N is a normal (non-unitary) vector field. 
Moreover, we also have that Z 1 = d^ld^ (<p(z)d z ) aa . Since u ■ N vanishes on the boundary z = 0, 
we can use the same estimates as in (|3 13|) . (|3.14j) . (|3.15p . (|3.17p with U3 replaced by u ■ N. Note 
that we have the estimate 

\\u ■ N|| m < C m+ i||u|| m 
which explains the dependence in C m +i in (|4.5p and also that 

||9 z n|| m _i < C m ||Vn|| m _i. 
Consequently, a standard energy estimate for (|4.4p yields 

( 4 - 6 ) 37o ll^ /u l| 2 - £ [ Z l /\u-Z l u-l Z ! Vp ■ Z I u + Cm+i|M| w i,°o (\\u\\m + ||^n|| m _i) ||u|| m 
dt 2, J n J n 

We shall first estimate the first term above in the right hand side. To evaluate this term through 
integration by parts, we shall need estimates of the trace of u on the boundary. At first, thanks to 
the Navier boundary condition under the form (|4.3p . we have that 

(4.7) \ILd n u\ Hm{m) < \0(u)\ Hm{m) + 2a\u\ Hm{dn) < C m+2 \u\ Hm{dn) , Mm > 0. 
To estimate the normal part of d n u, we can use that V • u= 0. Indeed, we have 

(4.8) V • u = d n u ■ n + (Udyiu) 1 + (Ud y 2 U ) 2 
and hence, we immediately get that 

(4.9) \d n u 

Note that by combing these two last estimates, we have in particular that 

(4.10) |Vu|tfm-i(ao) < C m+ i \u \h^(8Q) ■ 
Finally, let us notice that since u ■ n = on the boundary, we have that 

(4.11) \{Z a u) ■ n\ m[m) < C m+2 \u\ Hm{m) , \a\ = m. 
Next, we can write that 

el Z^u-Z^ = 2e I (V • Z 1 Su) ■ Z ! u + e [ ([Z 1 ,V -}Su) ■ Z 1 u 
Jn Jn Jn 

= I + 11. 

By integration by parts, we get for the first term that 



I = -e [ Z J Su ■ VZ ! u + e [ ((Z 1 Su) ■ n) ■ Zh 
Jn Jan 



and we note that 



-e [ Z I Su-VZ I u = -eWSiZ 1 ^^ + e [ [Z^S^-VZ 1 ^ 
Jn Jn 

Consequently, thanks to the Korn inequality, there exists cq > (depending only C\) such that 

e / Z J Su- VZ z u< -c&e||V(Z J u) f + C X \\u\\ 2 m + e [ [Z 1 ,S]u • VZ J u. 
Jn Jn 

Moreover, the commutator term can be bounded by 



e [ [Z^Sju-VZ 1 !! 

Jn 



< C m+l e\\VZ m u\\ ||Vu|| m _i. 



It remains to estimate the boundary term in the expression for /. We can first notice that 



[ ((Z^u) ■ n) ■ Z 1 !! = [ Z I (Yl(Su-n))-YlZ I u+ ( Z 1 (d n u ■ n) Z T u ■ n + C b 
Jan Jan Jan 
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where the commutator term Cb can be bounded by 

\Cb\ < Cm+l|Vll|^m.-l(gQ)|'u|iJ-m(aQ) < C m+ l\u\ 2 Hm ( dn j 

thanks to a new use of (|4.1U|) . For the main term, we write that thanks to the Navier boundary 
condition (jl.2p we have 



Ml 



Z 7 (n(5u-ra)) IIZ 1 ! 



<a 



m+l\U\H m (dn) 



and that by integrating once along the boundary, we have that 



/ Z 1 (d n u ■ n) Z 1 u ■ n < \d n u ■ n\ H m.-ir d Q\ \Z T u ■ n\ 
Jan 



■ n \H 1 {dn) < C m +2\'U\'H m {dti) 



where the last estimate comes from (|4.9|) . (|4.11|) . 
We have thus proven that 



/ {(Z 1 Su) ■ n) ■ Z 1 u < C m+2 e\u\ 2 Hm(dny 
Jan 



This yields 

(4.12) / < -ecoWVZ 1 ^ 2 + C m+2 {e\\VZ m u\\(\\u\\ m + ||Vu|| m _i) + \u\% m{an) ). 

It remains to estimate II. We can expand [Z 1 , V-] as a sum of terms under the form (i^d^Z 1 with 
|j| < m — 1 and \f3k\L°° < Cm+i- Consequently, we need to estimate 



Mkiz'Su) -Z'u. 
By using an integration by parts, we get that 

Pkd^z' 1 Su) ■ z 1 



u 



< C m+2 e ( || VZ^uW \VZ m u\\ + ||«||^ + |Vu| 



Consequently, from a new use of (|4.1(jp we get that 



III < C m+2 e[ WVZ^ull ||VZ m u|| + lldl* + \u\ 



(4.13) 

To estimate the term involving the pressure in ()4.6|) . we write 



For the last term, we have 



Jn 



< l|V 2 pi||m-l |M|m + 



f Z I V P2 -Z I u 
Jn 



[ Z I Vp 2 -Z I u 


< 


[ VZ I p 2 -Z I u 


Jn 




Jn 



and we can integrate by parts to get 

f VZ I p 2 ■ Z : u < \\Vp 
Jn 



2 m-l 



Wz'uW + 



/ Z 1 p 2 Z I u ■ n 
Jan 



To control the boundary term, when m > 2, we integrate by parts once along the boundary to 
obtain 



Ml 



Z l p 2 Z ! u ■ n < C2||Z 7 P2||l2 (9Q ) \\Z j u ■ n\\ H i 



(an) 



where I = m — 1. Next, we use (|4.1ip and the trace Theorem to get that 

f Z I V P2 -Z I u <C m+2 ||Vp 2 ||m-i(||VZ 7 «|| + ||u|| m ). 
Jn 
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We have thus proven that 

J Z'Vp-Z 1 ^ < C m+2 (\\V 2 vi\\ m -i \\u\\ m + \\Vp 2 \\ m -i(\\VZ I u\\ + \\u\\ 
Consequently, by collecting the previous estimates, we deduce from (|4.6p that 
^\\u\\l + sc \\VZ-uf 

< C m+2 (e\\VZ m u\\ (\\u\\ m + WVZ^uW) + \u\ 2 Hm(dn) 

Pi 1 1 m-1 || u ||m + 1 1 Vj>2 1 1 771-1 (11^^ ^11 + IMItti) + (l + ||u||^yl,cx)) (||l(|| m + ||<9 2 tt|| m _i ; 

By using the Trace Theorem and the Young inequality, we finally get that 

^Hlm + f 4VZ m uf < Cm^eWVZ^uWl + llVVllm-llMlm + ^ II Vp 2 1|™_1 

z^Hm— l) J 

and the result follows by using the induction assumption to control e||VZ m "u||^j. This ends the 
proof of Proposition 14,21 



4.4. Normal derivative estimates. In view of Proposition 14.21 we shall now provide an estimate 
for ||Vu|| m _x- Of course, the only difficulty is to estimate ||%3 z ii|| m _i or ||x 9 n u\\ m —i where % is 
compactly supported in one of the and with value one in a vicinity of the boundary. Indeed, we 
have by definition of the norm that ||x <9 y i«|| m _i < C m ||it|| m , i = 1,2. We shall thus use the local 
coordinates ()4.2p . 

At first, thanks to (I4.8p . we immediately get that 

(4.14) \\ x d n u 

' ^|| 771— 1 — C m \\u\ 

It thus remains to estimate ||xn(<9 n tt)|| m _i. Let us set 



(4.15) r} = + Vu*)nJ + 2a\^lu = x^-[Sunj + 2axHu. 

In view of the Navier condition (II. 2p . we obviously have that r/ satisfies an homogeneous Dirichlet 
boundary condition on the boundary: 

(4.16) n /ga = 0. 

Moreover, since an alternative way to write rj in the vicinity of the boundary is 

(4.17) 7] = x^d n u + x^(y( u • n ) — Dn ■ u — u x (V x n) + 2auj , 
we immediately get that 

||xn<9 n ti|| m _i < C m+ i(||7/|| m _i + ||u|| m + \\d n u • n|| m _i). 
and hence thanks to (|4,14p that 

(4.18) Hxn^uii lOhllm-l + Him)- 

As before, it is thus equivalent to estimate ||n9 n tt|| m _i or ||ry|| m _i. Note that we have taken a 
slightly different definition for n in comparison with the half space case. The reason is that it is 
better to compute the evolution equation for 77 with the expression (|4,15p than with the expression 
(|4,17p or with the expression involving the vorticity. Indeed, these last two forms require a boundary 
with more regularity. The price to pay will be that since we do not use the vorticity, the pressure 
will again appear in our estimates. 

We shall establish the following conormal estimates for 77: 
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Proposition 4.3. For every m > 1, we have that 

(4.19) \\n(t)\\ 2 m-i+£ f \\Vv\\m-i < C m+2 {\\u(0)\\ 2 m + \\Vu(0)\\ 2 m-i] 

Jo 

+C m +2 J ((||VVl|m-l + l|Vp|| m -l) \\vWm + £" 1 1 1 Vp 2 1 1 ^-1 



+ (l + \\u\hoo + ||Vn||i j00 ) + IMIm + \\^ u W 2 



m— 1 



Note that by combining Proposition 14.21 Proposition 14.31 and (|4.14p . (|4.18p . we immediately 
obtain the global estimate 



(4.20) Hml + WVuml^ + e [ \\Vv\t-i<C^(\\u(0)\\m + l|V«(0)||^ 1 ) 

Jo 

+C m+2 J (llVVllm-idhUm + ||Vn|| m _i) + e~ 1 \\Vp 2 \\ 2 n _ 1 

+ (l + \\u\\ 2 ,oo + II Vu\\l,oo) {\\u\\ 2 m + \\Vu\\l^ 

for m > 2. 

Proof of Proposition 14.31 Note that M = Vit solves the equation 

d t M + u • VM - eAM = —M 2 - V 2 p 

where V 2 p denotes the Hessian matrix of the pressure. Consequently, we get that r\ solves the 
equation 

(4.21) d t rj + u ■ Vn - sAn = F - x^(V 2 pn) 
where the source term F can be decomposed into 

(4.22) F = F b + F X + F K 
where : 

(4.23) F b = -xIl((Vu) 2 + (W) 2 )n - 2a X UVp, 

F x = -eA X ( USu n + 2aW) - 2eVx • V ( USu n + 2aliuj 
+ {u ■ Vx)~tt({Sun + 2au) , 

(4.24) F K = X (u • Vn) (Su n + 2cm) + X n (Su (u • Vn) ) 

-ex{AU) (Su n + 2au) - 2exVH • V (Su n + 2au) 
-ex^iSu An + 2VSu ■ Vn 



Let us start with the proof of the L 2 energy estimate i.e. the case m = 1 in Proposition 14.31 By 
multiplying (|4.2ip by n, we immediately get that 

(4.25) ^\\V\\ 2 +4VV\\ 2 = J F'V-J Xn{V*Pn)-V- 
To estimate the right handside, we note that 

(4.26) ll^llm-l < CVn (jMlwl.oo || V«|| m -l + ||Vp|| m _i) 
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and also that 
(4.27) 



\px\ 



1 < C m+ i(e||Vw|| m + (l + Hiillvjn.oo)! 



u 



Note that we have used that since all the terms in F x are supported away from the boundary, we 
can control all the derivatives by the || • \\ m norms. Finally, we also have that 

(4.28) ||F K || m _i < C m+ 2^e\\u\\ m +e||Vti|| m _i + e||xV 2 u|| m _i + ||ii||iyi,°° (||w||m-i + II Vti|| m _i)J . 

To estimate the last term in the right hand side of (|4.2ip . we split the pressure to get 



Xil(V 2 pn) • r\ 



< ||V 2 pi|| ||t/|| + 



xn(V 2 p 2 n) ■ rj 



Since r/ vanishes on the boundary, we can integrate by parts the last term to obtain 

/ xn(V 2 p 2 ri) -r, <C 2 \\V P2 \\(\\Vv\\ + \\v\\)- 
Jn 

Consequently, by plugging these estimates into (|4.25p . we immediately get that 
(4-29) ^Wrjf+eWVnW 2 



< C 3 ((e\\Vu\\i +e||xV 2 n||) |M| + || Vp 2 || (|| Vr,\\ + \\ v \\) 
+ (l|V 2 pi|| + ||Vpi||)||»7|| + (1 + ||«|| w i,co)(||«||i + ||Vu|| 

To conclude, we only need to estimate e||xV 2 u||. Note that we have that 

e||xV 2 u|| < e\\ X Vd n u\\ + eC 2 ||Vtt||i 
and hence, by using (|4.14p and (|4.17p that 

llxv^n < c 3 (\\v v \\ + ||v«||i + Hi). 

Consequently, by using ()4.29p and the Young inequality, we finally get that 

< C 3 fe||V«||i \\v\\ + (||Vp|| + ||V 2 pi||)IMI + e- 1 \\V P2 \\ 2 + (1 + ||u|| W ri, ao )(||u||i + ||Vu| 



Since e||Vu||i is already estimated in Proposition 14. 2[ this yields (|4.19p for m = 1. 

To prove the general case, let us assume that (|4.19p is proven for k < m — 2. We get from (|4.2ip 
for \a\ = m — 1 that 



where 



dt Z a r] + u ■ VZ a r] - Z a Ar] = Z a F - Z a (xII(V 2 p n)) + C 
C = -[Z a ,u-V}r/. 



A standard energy estimate yields 
d 1 



|»7|| m _i - / Z a (xIl(V 2 pn)) -Z a r). 
Jn 

To estimate the first term in the right hand side, we need to estimate 



(4.30) ^fll^ll 2 < e / Z a A.r] ■ Z a r] + (||F|U-i + ||C| 



I k = I Z a d kk r ] ■ Z a rj, k = 1, 2, 3. 
Jn 
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d k z a d kV -z a v + [ [z a , d k ]d kV ■ z a v 

Jn 

f \d k z a v \ 2 - [ [z a ,d k ] v -d k z a v + [ [z a ,d k ]d kV -z a v . 



Towards this, we write 
h = 



Note that there is no boundary term in the integration by parts since Z a r) vanishes on the boundary 
To estimate the last two terms above, we need to use the structure of the commutator [Z a , d k ]. By 
using the expansion 

8 k =p l 8yl +(3 2 dy2 +/3 3 ^3, 

in the local basis, we get an expansion under the form 

[Z a ,d k ]f= Yl c 7<^ 7 /+ E c ^f 

7,|7|<|a|-l ft, \P\<\a\ 

where the C l norm of the coefficients is bounded by C;_|_ m . This yields the estimates 

[z a ,d k ] v -d k z a v 



< c m \\v v \\ 



m-2 



\vz 



m—l 



v\ 



and 



[Z a ,d k }d kV -Z a V 

c 7 <9 2 Z 7 d fc 7/ • Z a r] + C m ||Vr?|| m _i ||r?|| m _i. 



|7|<m-2 

Since Z a r\ vanishes on the boundary, this yields thanks to an integration by parts 



[Z a ,d k ]d kV -Z a V <C m+ i||Vr/|| m _i(||V//|| m _ 2 + N| m -i). 
Consequently, we get from (|4.30p by summing over a and a new use of the Young inequality that 



(4.31) i + ^HVZ™- 1 -" 2 



< C m+1 [e\\V V f m _ 2 + + (\\F\ 



m—l 



+ \\c\\) \\v\ 



m—l 



Z a ( X Tl(V 2 pn)) -Z a r]. 



To estimate the right hand side, we first notice that to control the term involving F, we can use 
(j06|) . (jOTj) and (|Q5]I . This yields 

(4.32) H-Fllm-i < C m+2 ((e||Vn|| m + e||xV 2 n|| m _i + || Vp|| m _i) ||r/|| m 

+(1 + ||ii|| H/ i,oo)(||n|| m + ||V«|| m _i, 

It remains to estimate e||xV 2 n|| m _i. We can first use that 

e||xV 2 tt|| m _i < e||xV<9 n u|| m _i + eC m+ i(||Vu|| m + \\u\\ m ). 
Next, thanks to f)4.17|) and (j4.14[) . we also get that 

e\\xVd n u\\ m—l < C m+ 2(e\\Vu\\ m + \\u\\ m + ||V7?|| m—l 
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and hence we obtain the estimate 

(4.33) < C m+2 ((e\\Vu\\ m + £\\Vr}\\m-i + \\Vp\\m-i)\\r]\ 



+(l + ll + ||V«|| m _i)). 



In view of (|4.31|) . it remains to estimate ||C||. Note that by using the local coordinates, we can 
expand: 

u ■ Vi] = uidyirj + uidyiri + u ■ N d z r\. 
Consequently, the estimate (|3.29|) also holds for this term, we thus get that 

(4.34) ||C|| < C m (\\u\\ 2i00 + IklliyLoo + H^lliocJ (||r/|| m _i + ||it|| m ). 

Finally, it remains to estimate the last term involving the pressure in the right hand side of 
(|4.3ip . As before, we use the splitting p = p\ + p 2 and we integrate by parts the term involving p 2 . 
This yields 

(4.35) I Z a ( X Il(V 2 pn)) • Z a V < C m+2 (\\ V 2 pi||m-i IML + ||Vp 2 ||m-i (l|VZ m ?7|| + \\ v \\ 
Jn 

By combining (|4.31|) . (|4.33p . (|4.34|) . (|4.35p and by using the induction assumption and the Young 
inequality, we get the result. 

4.5. Pressure estimates. 

Proposition 4.4. For m > 2, we have the following estimate for the pressure: 

(4.36) ||Vpi|| m _i + ||V 2 pilU-i < C m+2 (l + Hitll^-i.oo) (\\u\\ m + ||Vn|| m _i), 
(4-37) ||Vp 2 || m— 1 

< C m+2 e(\\Vu\\ 

m—l + IML)- 

Note that thanks to ()4.37p . we have that 

e _1 ||Vp 2 ||™-i < C m+2 (\\u\\ 2 m + HV-uH^i). 
Consequently, by combining (|4.20p and Proposition 14.41 we get that 



(4.38) \\u(t)\\m + l|V«(t)C-l + e f \\^ 2 u\\ m -i 

Jo 

< C m+2 (\\uo\\ 2 m + ||Vn ||^) + C m+2 J ((1 + ||«|| 2 ,oo + ||V«|| 1|0 o) (||«|lm + ||V«| 



2 

m—l 



Proof. We recall that we have p = p\ + p 2 where 

(4.39) Api = -V • (u ■ Vu) = -Vu ■ Vu, x G tt, d n pi = -(u ■ Vu) ■ n, x G dVL 
and 

(4.40) Ap 2 = 0, x G O, d n p 2 = eAu ■ n, x G <9f2. 

From standard elliptic regularity results with Neumann boundary conditions, we get that 

||Vpi|| m _i + ||V 2 pi|| m _i < C m+ i[\\Vu ■ Vn|| m _i + \\u ■ Vu\\ + \ {u ■ Vu) 

Since u ■ n = on the boundary, we note that 

(u • Vu) ■ n = — ( u ■ Vn) • u, x G dQ 
and consequently, thanks to the trace Theorem, we obtain that 

| (it- Vn) • n l if m-^ (9Q - ) < C m+2 (\\V(u® u)|| m _i + 
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Thanks to a new use of Lemma 13.31 this yields 

l|Vpi|| m— 1 ~\~ 1 1 ^ r2 f*l 1 1 rri. — 1 — Cm+2 ^(l + H^H W 1 ' 00 ) (iWIm 

+ ||Vu|| m _i)). 

It remains to estimate p 2 . By using again the elliptic regularity for the Neumann problem, we get 
that for m > 2, 

(4-41) ||Vp 2 ||m-i < eC m \Au ■ n\ Hm _z {m) . 

To estimate the right hand side, we shall again use the Navier boundary condition (jl.2p . Since 

2Au ■ n = V • (Sun) - ^ (Suflj-n) ., 



we first get that 



I Au • n\ _ 3, <, IV • (Stt n)| _ 3, +C m +i|Vu| „ 3, , 



and hence thanks to (|4,8|) and (|4.3|) that 

To estimate the first term, we can use the expression (|4,8p to get 

iV-fSun)! 3, < \d n (Sun) ■ n| „ 3, , + C m +\ [ \H(Sun) I „ i, + |Vu 
and hence by using again (|4.8p . (|4.3p and (jl.2p . we obtain that 



IV • (Sun)\ _ 3, < j IcL (Sun) • n| _ 3, +C m _i_i|u| ra i , . 

The first term above in the right hand side can be estimated by 

\d n (Sun)-n\ m 3, , < |<9 n (cLu-n)| „ 3, , +C m +i|Vit| _ 3, 

< \d n (d n u ■ n)\ 3 + C m+1 \u 



Finally, taking the normal derivative of (|4.8p . we get that 

|5„(a n n-n)| Hm _3 (9n) < \nd n u\ Hm _ hm) + c m+1 \Vu\ Hm ^ im) 

< C m+2\u\ Hm _i {dQ) 



where the last line comes from a new use of (|4.3p . Note that this is the estimate of this term which 
requires the more regularity of the boundary. 
Consequently, we have proven that 

and hence by using (I4.4ip and the trace Theorem, we get that 

||Vp 2 ||m-i < C m+2 e(||u|| m + ||Vn|| m _i). 
This ends the proof of Proposition 14.41 
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4.6. L°° estimates. In order to close the estimates, we need an estimate of the L°° norms in the 
right hand side. As before, let us set 

N m (t) = \\u(t)\\ 2 m + HVtiCi)!^.! + ||Vu||? )00 . 

Proposition 4.5. For uiq > 1, we have 

(4.42) ||«||2,oo < Cm(lM|m + ||V«|| TO _i), m > m + 3, 

(4.43) ||u|| w i,cx> < C m (||u|| m + ||Vn|| m _i), m > m + 2. 

Proof. It suffices to use local coordinates and Proposition 13.71 
In view of Proposition, W6 still need to estimate || Vw||i ) oq« 

Proposition 4.6. For m > 6, we have the estimate 

l|Vu(t)||? i00 < C m+2 (iV m (0) + (1 + 1 + eh 2 ) J* (N m (s) + N m (s) 2 ) ds. 

Proof. Away from the boundary, we clearly have by the classical isotropic Sobolev embedding that 

(4.44) ||xVu|| l.oo m) 777. ^ 4. 

Consequently, by using a partition of unity subordinated to the covering (I4.ip we only have to 
estimate ||XiVii||£°°, i > 0. For notational convenience, we shall denote Xi by X- Towards this, 
we want to proceed as in the proof of Proposition 13.81 An important step in this proof was to 
use Lemma 13.101 It is thus crucial to choose a system of coordinates in which the Laplacian has a 
convenient form. In this section, we shall use a local parametrization in the vicinity of the boundary 
given by a normal geodesic system: 

where 

1 / diil>(y) 

n{y) = d 2 ^{y) 

(l + |V^(y)| 2 )5 \ -i 

is the unit outward normal. We have not used this coordinate system to estimate the conormal 
derivatives because it requires more regularity on the boundary. Nevertheless, it does not yield any 
restriction on the regularity of the boundary here, since we need to estimate a lower number of 
derivatives. As before, we can extend n and II in the interior by setting 

n(V n (y, z)) = n(7/), U(^ n (y, z)) = H(y). 

Note that n(y) and II(y) have different definitions from the ones used before. The interest of this 
parametrization is that in the associated local basis of M 3 (d y i, d y 2, d z ), we have d z = d n and 

d v i) ■ (d z ) = 0. 

The scalar product on M 3 thus induces in this coordinate system the Riemannian metric g under 
the form 

(4.45) gM = (~9M 
Consequently, the Laplacian in this coordinate system reads: 

(4.46) A/ = d zz f + ±d z (\n \g\)d z f + A~ g f 
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where \g\ denotes the determinant of the matrix g and A g which is defined by 

A ^ = ^X E d y<9 ij \~9\^d y3 f) 

i9\ 2 l<i,j'<2 

involves only tangential derivatives. 

Next, we can observe that thanks to (|4. 8[) (in the coordinate system that we have just defined) 
and Proposition 14.51 we have that 

(4.47) ||xVu||i |00 < C 3 (||xn9 n ti||i i00 + ||«||2,oo) < C 3 (||xn<9 n u||i >00 + \\u\\ m + ||V«|| m _i). 

Consequently, we need to estimate ||xn<9n«||i,oo- To estimate this quantity, it is useful to introduce 
the vorticity 

oo = V x u. 

Indeed, by definition, we have 

(4.48) U(oj x n) = ^n(Vu - Vu l )n = -Il(d n u - V(u -n) + u-Vn + ux (V x nfj . 
Consequently, we find that 

||xn«9 n ii||i )tX) < C 3 ^||xn(w x n)||i j00 + ||it|| 2j , 
and hence by a new use of Proposition 14.51 , we get that 

(4.49) ||xn«9„n||i i00 < C 3 (||xll(u; x n)|| 1)tJO + \\u\\ m + ||Vn|| m _i 



In other words, we only need to estimate ||xll(u> x n) ||i )00 in order to conclude. Note that oj solves 
the vorticity equation 

(4.50) 3(W + ii-Vw-eAw = oj-Vn = r. 
Consequently, by setting in the support of x 

oj(y, z) = uj(^ n {y, z)), u{y, z) = u{^ n (y, z)), 

we get that 

(4.51) dtCo + u l d y iuj + u 2 d y 2Uj + u ■ nd z ui = e{d zz Cj + -c^(ln |p|)9 z w + A g oj) + 
and 

(4.52) d t u + u 1 d y iu + u 2 d y 2U + u-nd z u = e(d zz u + -d z ( In \g\)d z u + Agu) - (Vp) o 

Note that we use the same convention as before for a vector u, u 1 denotes the components of u 
in the local basis (cLi, d y 2, d z ) whereas ui denotes it components in the canonical basis of 1R 3 . 
The vectorial equations (|4.5ip and (|4.52p have to be understood components by components in the 
standard basis of M 3 . 

By using (|4.48[) on the boundary and the Navier boundary condition (j4.3j) , we get that for z = 

11(a) x n) = TL[u ■ Vn — cm) . 

Consequently, we set 



(4.53) fj(y, z) = xR\& x n — u ■ Vn + au ) . 
We thus get that 

(4.54) V(V,0) = 
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and that fj solves the equation 

(4.55) d t fi + u l d y ifi + u 2 d y 2fi + u-nd z fj = e(d zz fj + -d z ( In \g\)d z fj) + x^F" xn + F u + F x + F K 
where the source terms are given by 

(4.56) F u = X n ( Vp • Vn - aVp) o 



(4.57) F x = ((u l d y i + u 2 d y2 + u ■ n^)x)n(w x n - u • Vn + a«) 



- e(d zz x + 2sd z xd z + e-d z (]n\g\)d z x)ll(ti x n - u • Vn + au) 
(4.58) F K = (i&dyi + n 2 c\ 2 )ll)w x n - u ■ Vn + au + Yl(uj(u l d y i + u 2 d y i)n 

-n^n 1 ^! + u 2 d y2 )Vn)u 

— eA g x n — -u • Vn + au 

Note that in computing the source terms and in particular F K which contains all the commutators 
coming from the fact that II and n are not constant, we have used that in the coordinate system 
that we have choosen, II and n do not depend on the normal variable. By using that only 
involves tangential derivatives and that the derivatives of x are compactly supported away from 
the boundary, we get the estimates 

< c 3 ||nvp|| 

Il^lkoo <c 3 || ^|| l,oo || ^|| 2,oo e\\ ^||3,oo ) > 
H-F^lkoo < CA \\u\U oo||Vn||i i00 + e(|| Vu|| 3:00 + ||n|| 3 . 



Note that the fact that the term (Vp • V)n in (I4.56P contains only tangential derivatives of the 
pressure comes from the block diagonal structure of the metric (|4.45|) and the fact that n does not 
depend on the normal variable z. 

Consequently, by using Proposition 14.51 we get that 

(4.59) ll^lkoo < C 4 (||IIVp||i i00 + Q m +e||Vu||3 ) oo), rn > m + 4 

where F = F u + F x + F K . 

In order to be able to use Lemma 13.91 we shall perform a last change of unknown in order to 
eliminate the term d z ( In \g\)d z rj in (|4.55j) . We set 

1 

v = —tv = rm- 

Note that we have 

( 4 -60) l|^||l,oo < C , 3||'?||l,oo, IMIl.oo < C3||r?||i )00 

and that moreover, n solves the equation 

(4.61) dtrj + u l d y if) + u 2 d y 2T] + u ■ nd z n — ed zz r\ 

(4.62) = - ( X IIF W x n + F u + F x + F K + ed zzl n + |d 2 In \g\ d zl n - (u ■ V 7 ) ? ? ) := S. 
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Consequently, by using Lemma 13.91 we get that 

||^(*)||l,oo < 11*70 II l,oo + J ((||«||2,oo + ||<9 2 tt||l,oo) (IM|l,oo + lhlUo+3) + ||«S||l,oo 

^3 11*70 II 1,00 + C3 / ( (iMh.oo + || Vlt||i )00 ) (||?7||l,oo + ll^llmo+s) + ||«5||] 

Consequently, we can use (|4,49p . (|4.53p . (|4.60p . (|4,59p and Proposition 14.51 to get as in the proof of 
Proposition 13.81 that 

|| X ncU(i)||? )00 < C m+X {\\u(t)\\ 2 m + ||V«(*)||^ 1 + N m (0)+ej IIV^H^ 

+(1 + 1 + eh 2 ) f (N m (s) + N 2 n (s) + ||n Vp\\i >00 )ds. 
Jo 

Since IIVp involves only tangential derivatives, we get thanks to the anisotropic Sobolev embedding 
that for m > 4 

lin vp||? >00 < cwiivpii^.!. 

Consequently, the proof of Proposition 14.61 follows by using ()4.38p and Proposition 14.41 

4.7. Proof of Theorem 14.11 It suffices to combine Proposition 14.61 and the estimate (|4.38p . 

5. Proof of Theorem 11.11 

To prove that (jl.ip . (jl.2p is locally well-posed in the function space E m n Lip, one can for 
example smooth the initial data in order to use a standard well-posedness result and then use the 
priori estimates given in Theorem 14.11 and a compactness argument to prove the local existence of 
a solution (we shall not give more details since the compactness argument is almost the same as 
the one needed for the proof of Theorem 1 1 . 2 [) . The uniqueness of the solution is clear since we work 
with functions with Lipschitz regularity. The fact that the life time of the solution is independent 
of the viscosity e then follows by using again Theorem 14 . 1 1 and a continuous induction argument. 

6. Proof of Theorem 11.21 

Thanks to Theorem I \.\\ the apriori estimate (|1.5p holds on [0,T]. In particular, for each t, u e (t) 
is bounded in H™ and Vu £ (t) is bounded in f/T™" 1 . This yields that for each t, u £ (t) is compact in 
H™~ 1 . Next, by using the equation (jl.ip . we get that 

f T \\d t u £ (t)f m -i < f T (e 2 ll WC_! + livpl^! + |K • vu^l^ds 

J 

and hence by using Lemma 13.31 and Proposition 14.41 we § e t that 

/ ll^ £ (*)llm-i < / (e 2 ||VV||^„ 1 + (l + ||n||^ + ||V U ||^„ 1 + ||V U ||| o)(||n||^ + ||Vn||^_ 1 )d S . 
Jo Jo 

Consequently, thanks to the uniform estimate (jl.5p . we get that dtu £ is uniformly bounded in 
L 2 (0,T,H%-1). 

From the Ascoli Theorem, we thus get that u £ is compact in C([0, T], H™ 1 ) . In particular, there 
exists a sequence e n and u G C([0, T], -f/T™ -1 ) such that u 6n converges towards u in C([0, T], H™ -1 ). 
By using again the uniform bounds (jl.5p . we get that u S Lip. Thanks to the anisotropic Sobolev 
embedding (|3.45p . we also have that for mo > 1 

sup \\u £ "(t) - u(t)\\ 2 Loc < sup (||V(n e " - u) IUIK" - u\\ + \\u £ " - u\?) 

[0,T] [0,T] 
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and hence again thanks to the uniform bound (jl.5p . we get that u £ " converges uniformly towards 
u on [0, T] x 0. Moreover, it is easy to check that u is a weak solution of the Euler equation. 

Finally since u E L°°([0, T],L 2 n Lip), u is actually unique and hence we get that the whole 
family u £ converges towards u. This ends the proof of Theorem 11.21 
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